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Spin Gravitational Resonance and Graviton Detection
James Q. Quach∗
Institute for Solid State Physics, University of Tokyo, Kashiwa, Chiba 277-8581, Japan
We develop a gravitational analogue of spin magnetic resonance, called spin gravitational reso-
nance, whereby a gravitational wave interacts with a magnetic field to produce a spin transition. In
particular, an external magnetic field separates the energy spin states of a spin-1/2 particle, and the
presence of the gravitational wave produces a perturbation in the components of the magnetic field
orthogonal to the gravitational wave propagation. In this framework we test Dyson’s conjecture
that individual gravitons cannot be detected. Although we find no fundamental laws preventing
single gravitons being detected with spin gravitational resonance, we show that it cannot be used
in practice, in support of Dyson’s conjecture.
PACS numbers: 04.60.Bc,04.30.-w,03.65.Pm,04.62.+v,03.65.Sq
I. INTRODUCTION
The recent detection of gravitational waves (GWs) of
coalescing binary black holes by LIGO [1] was the first
direct measurement. This monumental event puts the
existence of GWs beyond doubt, ushering in a new era of
GW experiments. This leads to the question of whether
gravitons, the theorised quantum carrier of the gravita-
tional force, can be detected, even in principle. Dyson
has conjectured that no conceivable experiment in our
universe can detect a single graviton [2]. He distinguishes
the proving of the existence of physical laws which pre-
vent the detection of single gravitons from the argument
that the detection of single gravitons is undetectable in
practice. In the context of the latter, Dyson argued
that detectors based on LIGO, interaction with individ-
ual atoms, and coherent transitions between graviton and
photon states, cannot be used to detect gravitons in prac-
tice [3]. In two papers Boughn and Rothman [4, 5] in-
vestigated Dyson’s conjecture and came to the conclu-
sion that although there was no fundamental reason for-
bidding the detection of a single graviton, in practice
it would be impossible. In their work they considered
the ionization and state transition of hydrogen atoms by
high-energy gravitons, neglecting spin.
Recently the correct non-relativistic limit of the Dirac
Hamiltonian in a singularly polarised GW background
was derived [6]. Here we generalise this Hamiltonian to
arbitrary polarisation and determine whether the inclu-
sion of the spin degree of freedom can change the conclu-
sion that in practice single gravitons are not detectable.
Specifically, we look at the absorption of gravitons in spin
states split by an external magnetic field through the Zee-
man effect. The process is analogous to spin magnetic
resonance, and so we call it spin gravitational resonance
(SGR).
In Sec. II we write down the non-relativistic limit of
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FIG. 1. (color online) A constant external magnetic field B
(depicted here lying in the x−z plane) lifts the degeneracy
of spin states. In the ground state, the particle’s spin (red
arrow) is aligned with the magnetic field. When the propa-
gation direction of the plane GW is not (anti-)parallel to the
magnetic field, the interaction of the magnetic field with the
GW in the plane perpendicular to its propagation produces
the perturbation that results in the transition between spin
states.
the Dirac Hamiltonian in a generally polarised GW back-
ground. In Sec. III we develop the theory of SGR. In
Sec. IV we consider whether SGR could ever be used to
detect GWs and single gravitons.
II. NON-RELATIVISTIC LIMIT OF THE DIRAC
HAMILTONIAN IN A GENERALLY POLARIZED
GRAVITATIONAL-WAVE BACKGROUND
The Dirac equation in curved spacetime is,
i~γae
a
µ(∂µ − Γµ −
ie
~
Aµ)ψ = mcψ . (1)
where γa are gamma matrices defining the Clifford al-
gebra {γa, γb} = −2ηab, with spacetime metric signa-
2ture (−,+,+,+). eaµ are the tetrads that relate at ev-
ery point the metric gµν to a tangent Minkowski space
via gµν = e
a
µe
b
νηab. The spinorial affine connection
Γµ =
i
4e
a
ν(∂µe
νb + Γνµσe
σb)σab, where Γ
ν
µσ is the affine
connection and σab ≡ i2 [γa, γb] are the generators of the
Lorentz group. Aµ is the electromagnetic four-vector po-
tential. The Einstein summation convention where re-
peated indices (µ, ν, σ, a, b = {0, 1, 2, 3}) are summed, has
been used.
The metric for a generally polarised linear plane GW
is
ds2 = −c2dt2+dz2+(1−2v)dx2+(1+2v)dy2−2udxdy ,
(2)
where u = u(t− z) and v = v(t− z) are functions which
describe a wave propagating in the z-direction. We will
consider the case of a circularly polarised GW travel-
ling along the z-direction, i.e. v = f = f0e
i(kz−ωt) and
u = if . Under this metric Eq. (1) can be written in the
familiar Schro¨dinger picture i~∂tψ = Hψ, where (α ≡
γ0γ, β ≡ γ0,p ≡ −i~∇, and indices i, .., n = {1, 2, 3} [7]
H = βmc2 + cαj(δij + T
i
j )(pi − eAi) , (3)
with
T =

 v −u 0−u −v 0
0 0 0

 . (4)
A means by which to write down the non-relativistic
limit of the Dirac Hamiltonian with relativistic correction
terms is provided by the Foldy-Wouthuysen (FW) trans-
formation [8]. The FW transformation is a unitary trans-
formation which separates the upper and lower spinor
components. In the FW representation, the Hamilto-
nian and all operators are block-diagonal (diagonal in
two spinors). There are two variants of the FW transfor-
mation known as the standard FW (SFW) [8] and exact
FW (EFW) [9–12] transformations.
A. Exact Foldy-Wouthuysen Transformation
Central to the EFW transformation is the property
that when H anti-commutes with J ≡ iγ5β, {H, J} = 0,
under the unitary transformation U = U2U1, where (Λ ≡
H/
√
H2)
U1 =
1√
2
(1 + JΛ), U2 =
1√
2
(1 + βJ) , (5)
the transformed Hamiltonian is even (even terms do not
mix the upper and lower spinor components, odd terms
do),
UHU+ =
1
2
β(
√
H2 + β
√
H2β) +
1
2
(
√
H2 − β
√
H2β)J
={
√
H2}evenβ + {
√
H2}oddJ .
(6)
Note that as β is an even operator and J is an odd op-
erator, Eq. (6) is an even expression which does not mix
the positive and negative energy states.
Our Hamiltonian satisfies the EFW anti-commutation
property. Neglecting small T ijT lm order terms and using
the identity αiαj = iǫijkσkI2+δ
ij
I4, the perturbative ex-
pansion of
√
H2 yields to O[1/m] accuracy (σi are Pauli
matrices),
HEFW =
1
2m
(δij + 2T ij)[(pi − eAi)(pj − eAj)]
+
e~
4m
(δij + 2T ij)ǫjklσ
l[∂k(Ai)− ∂i(Ak)]
+
~
2m
∂i(T jl)ǫijkσ
k(pl − eAl) +mc2 .
(7)
Note that
√
H2 = {
√
H2}even = HFWI2 contains only
even terms, and therefore {
√
H2}odd = 0 in Eq. (6).
Eq. (7) generalises the non-relativistic limit of the Dirac
Hamiltonian of a singular polarised GW background de-
rived in Ref. [6], to arbitrary polarisation. As a check of
the correctness of Eq. (7), we will also show that appli-
cation of the SFW will also result in Eq. (7).
The first and second terms of HFW involves the kinetic
and magnetic dipole energies and their corrections due to
the GW. Ref. [3–5] only used the first term to calculate
the probability of graviton detection, neglecting the ef-
fects of spin. Here we will consider the second term to
calculate the effects of spin on graviton absorption. The
third term can be thought of as being the GW analogue
of the Schwarzschild gravitational spin-orbit energy [13].
At atomic dimensions, the gravitational wavelength is
long, and this term can be considered negligible. The
last term is the rest mass energy.
We note that by beginning with the minimally cou-
pled Dirac equation [Eq. (1)] where the gauge field is
coupled through the covariant derivative, we do not
account for the anomalous magnetic moment (AMM).
A non-minimal coupling is required to account for the
AMM [14, 15]. In the non-relativistic limit the effect of
the AMM amounts to multiplying the magnetic moment
by g/2 ≈ 1.001. This is a small effect which will bear no
qualitative influence on our conclusions.
B. Standard Foldy-Wouthuysen Transformation
In this section for convenience we will work in the nat-
ural units where ~ = c = e = 1. We will put ~, c, e back
into the final equation.
The odd and even components of H are respectively
given by,
O = 1
2
(H − βHβ), E = 1
2
(H + βHβ) . (8)
In the SFW method we use the unitary transforma-
tion U = eiS , where S = − iβ2mO. Applying the trans-
formation through ψ′ = eiSψ, the Schro¨dinger equation
3becomes,
i∂tψ
′ = [eiS(H − i∂t)e−iS ]ψ′ = H ′ψ′ (9)
The transformed Hamiltonian H ′ = eiS(H − i∂t)e−iS is
then expanded in a series of multiple commutators using
the Baker-Hausdorff lemma,
eiλSMe−iλS = M + iλ[S,M ] +
(iλ)2
2!
[S, [S,M ]] + · · · ,
(10)
This gives,
H ′ ≈ H + i[S,H ]− 1
2
[S, [S,H ]]− S˙ − i
2
[S, S˙] . (11)
i[S,H ] ≈ −O generates a term that eliminates the odd
operator O, however many more terms are generated by
the higher-order terms which potentially could be odd
operators. To eliminate these odd operators, the FW
transformation is repeated on subsequent Hamiltonians
(i.e. H ′, H ′′, H ′′′, and so on) until all odd operators are
eliminated to the required order of accuracy. In the non-
relativistic limit the rest mass energy dominations, and
the SFW provides an expansion in increasing accuracy in
powers of 1/m.
Repetition of the SFW transformation three times
gives to O[1/m] accuracy [16]
H ′′′ = β
(
m+
O2
2m
)
, (12)
where O = cαj(δij + T ij )πi with πi ≡ pi − eAi. Thus one
only needs to compute O2, with the result that (Σk ≡
σkI2)
O2 = πiπi − iǫijkΣkpi(Aj) + (δij + iǫijkΣk)pi(T lj)πl
+ T ij(πjπi + πiπj) + iǫ
ijkΣkT
l
j [pl(Ai)− pi(Al)] .
(13)
In Eq. (13) we have as usual omitted the small T ijT kl
term. Substituting Eq. (13) into Eq. (12) and explicitly
reinstating ~, c, e, one gets
H ′′′ =
β
4m
(δij + 2T ij)[(πiπj + πjπi]
+
βe~
4m
(δij + 2T ij)ǫjklΣ
l[∂k(Ai)− ∂i(Ak)]
+
β~
2m
(ǫijkΣ
k − iδij)∂i(T jl)πl + βmc2 .
(14)
Using the fact that δij∂
i(T jl) = 0 and T is symmetri-
cal, we retrieve Eq. (7) from Eq. (14). In other words
HEFW = HSFW to O[1/m] accuracy, where H
′′′ =
βHSFW. The EFW and SFW transformations are not
equivalent unitary transformations, and in general can
give rise to different Hamiltonians in the non-relativistic
limits. The exact relationship between the the EFW and
SFW is given by Ref. [17, 18]. In the current case how-
ever, that both the EFW and SFW transformation yields
the same Hamiltonian, is good verification that Eq. (7) is
the correct non-relativistic limit of the Dirac Hamiltonian
in the presence of an EM gauge and GW field to O[1/m]
accuracy. Note that the EFW and SFW transformation
may yield differing higher order correction terms beyond
O[1/m] accuracy.
III. SPIN GRAVITATIONAL RESONANCE
Spin magnetic resonance, of which nuclear magnetic
resonance and electron spin resonance (ESR) are exam-
ples of, has found widespread use, ranging from magnetic
resonance imaging to ESR spectroscopy. The underlying
physics is that a constant external magnetic field lifts the
degeneracy of spin states. The transition between the
states occur on the absorption of a photon from an ex-
ternal oscillating electromagnetic field. In an analogous
manner we propose the theoretical possibility of GWs in-
teracting with a constant external magnetic field to excite
this transition, i.e. SGR.
We consider the case of a spin-1/2 particle in a con-
stant magnetic field B, perturbed by a circularly po-
larised GW. The direction of the magnetic field and GW
propagation is separated by small angle θ as shown in
Fig. (1). As noted previously the gravitational wave-
length is much larger than atomic dimensions so that
∂(T ) is small. Neglecting this small term, the spin com-
ponent of the Hamiltonian is the second term of Eq. (7)
(µB ≡ e~2m ),
HS =
µB
2
(δij + 2fT ij)ǫjklσl[∂k(Ai)− ∂i(Ak)] , (15)
where
T =

 1 −i 0−i −1 0
0 0 0

 . (16)
We rewrite Eq. (15) with ǫmkiBm ≡ ∂k(Ai) − ∂i(Ak)
and use the identity ǫijkǫ
imn = δmj δ
n
k−δnj δmk ; after taking
the real components one gets
HS =− µBσ ·B+ µBf0[(σxBx − σyBy) cos(kz − ωt)
+ (σxBy + σ
yBx) sin(kz − ωt)] .
(17)
From Eq. (17) one identifies B as the magnetic field
in the absence of a GW, and the negative sign in front
of the first term reminds us that the ground state of the
system occurs when the particle’s spin is aligned with the
magnetic field.
Without loss of generality we take the magnetic field
to be rotated about the y-axis as shown in Fig. (1),
B = B(sin θ, 0, cos θ). We would like now to write the
spin operator in a co-ordinate basis aligned with the di-
rection of the magnetic field. Using the Baker-Hausdorff
lemma, the spin operators transform as (prime indicates
4operators in the co-ordinate basis aligned with the mag-
netic field)
σx → eiθσ
′
y
/2σ′xe
−iθσ′
y
/2
= σ′x +
iθ
2
[σ′y , σ
′
x] +
1
2!
( iθ
2
)2
[σ′y , [σ
′
y, σ
′
x]] + · · ·
= σ′x(1−
θ2
2!
+ · · · ) + σ′z(θ −
θ3
3!
+ · · · )
= σ′x cos θ + σ
′
z sin θ ,
Together with similar transformations for σy, σz , the
transformation of the spin operators are summarised in
the following,
σ →

 cos θ 0 sin θ0 1 0
− sin θ 0 cos θ

 σ′ . (18)
In terms of σ′ the Hamiltonian is,
HS =− µBBσ′z + µBf0B[sin θ cos θ cos(kz − ωt)σ′x
+ sin θ sin(kz − ωt)σ′y + sin2 θ cos(kz − ωt)σ′z ] .
(19)
In the small θ limit, this becomes,
HS ≈ −µBBσ′z +
1
2
µBf0Bθ[e
i(kz−ωt)σ− + e
−i(kz−ωt)σ+]
(20)
where σ± ≡ σ′x ± iσ′y are the spin lowering and raising
operators. The small angle limit allows a closed-form
solution, without qualitatively changing the outcome.
One can identify Eq. (20) as a Rabi model for a driven
coupled two level quantum system, with the probability
of finding the system in the excited state given by the
Rabi formula [19],
P+ =
( γ
Ω
sinΩt
)2
(21)
where γ ≡ µBf0Bθ/2~, ǫ = µBB/~ is the difference in
energy between the two states, and Rabi frequency Ω =√
γ2 + (ω − ǫ)2/4. We have set the system to be in the
ground state at t = 0. The probability of the system
being in the ground state is given by P− = 1 − P+ .
Eq. (21) provides an analytical form for the probability of
a GW exciting a two-level spin-1/2 system in a constant
magnetic field for small θ, and is the main outcome of
this section.
The interaction of the magnetic field with the oscilla-
tion of the GW in the plane perpendicular to its propaga-
tion produces the perturbation that results in the transi-
tion of spin states. If the GW propagation was parallel to
the magnetic field this would not perturb the magnetic
field and therefore there would be no state transition.
This can be seen by setting θ = 0 in Eq. (19) which gives
HS(θ = 0) = −µBBσ′z . Perpendicular perturbation of
the magnetic field arises when the magnetic field and GW
propagation direction are not aligned (or anti-aligned),
and therefore the possibility of a state transition.
IV. GRAVITATIONAL WAVE SOURCES
The tunable small energy gap between the spin states
allows for the absorption of low frequency gravitational
sources. The amplitude of the probability of absorption
is not dependent on the source frequency, but on the
difference between the gravitational source and resonant
frequency of the spin system - the maximum amplitude of
1 occurs when the source frequency equals the resonant
frequency. Although the amplitude of the probability
of absorption is independent of the source frequency, the
time it takes to reach the maximum probability is depen-
dent on the source frequency. In this section we look at
the case of resonant low frequency astronomical and local
gravitational sources. We begin by considering whether
SGR can be used to detect GWs first before considering
whether it can be used to detect single gravitons.
Astronomical binary systems offer a continuous source
of GWs. Prior to the recent direct detection of a bi-
nary black hole merger, the PSR B1913+16 binary pul-
sar system provided the strongest indirect evidence of
GWs [20, 21]. For two equal masses m in circular orbit
about each other with angular velocity α, and separated
by distance l, they will generate circularly polarized GWs
with frequency ω = 2α and amplitude [22]
f0 = 2Gml
2ω2/c4r . (22)
The PSR B1913+16 binary pulsar system is estimated
to consists of two neutron stars of equal mass, m =
1.4 M⊙, with an orbital period of 7 h 45 min 7 s, at
a distance of 8 kpc away. At this distance this binary
system produces GWs with an amplitude of f0 = 10
−23
on Earth with frequency ω = 2.4× 10−4 s−1.
From Sec. III we see that for a resonant transition
(ω = ǫ), the magnetic field strength needs to be B =
ω~/µB ≈ 10−15 T. Given that the Earth’s magnetic field
is on the order of 10−5 T, the experiment would need
to be conducted inside a magnetic shield or in space. If
the magnetic field in our graviton detection experiment
was set up so that θ = 0.1, the Rabi frequency would be
on the order of 10−28 s−1. If we took a typical detector
density of ρ = 1025 atoms per m3, and run the experi-
ment for 1 year (yr), the number of gravitons detected
would be N = ρP+ ≈ 10−17 m−3, using Eq. (21). In
other words, in any realistic experiment we would expect
to detect no gravitons (or GWs).
Alternatively we could generate GWs in the labora-
tory with two locally orbiting masses. For two m = 1
tonne masses separated by distance l = 100 m orbiting at
α = 104 s−1, the generated GW would have ω = 2× 104
s−1 with f0 ≈ 10−29, 1 m away from the source. The
required magnetic field strength is B = 10−7 T, and
therefore the experiment should also be shielded from
the Earth’s magnetic field. The number of gravitons de-
tectable would be N ≈ 10−11 m−3 per year. Again not
one single graviton would likely be detected. Note that
the generator of the GW would be a formidable techno-
logical challenge, as it involves two 1 tonne masses trav-
5elling at 106 m/s. The energy required to run it for one
year would be on the order of 1016 J, the amount required
to run a small country (such as Mongolia) for one year.
The Rabi oscillations are particularly slow at Ω =
10−28 s−1 for the case of the binary pulsar system, and
Ω = 10−25 s−1 for the terrestrial binary masses. A com-
plete Rabi cycle would take longer than the age of the
Universe. High frequency gravitational sources could re-
duce these times. However a relative abundance of high
frequency gravitons is difficult to come by terrestrially -
Refs. [3, 5] discuss some potential sources. Furthermore,
a crucial problem with detecting high energy gravitons
is discriminating them from the abundance of high en-
ergy solar neutrinos. The cross-section of high energy
neutrino interaction with matter is at least 20 orders of
magnitude larger than gravitons of the same energy on
Earth [3, 5]. The amount of ordinary material required
to shield from the solar neutrinos would amount to light
years, and would in fact collapse into a black hole under
its own weight [5].
In our considerations so far, we have limited ourselves
to near-Earth detectors. Let us remove this restriction
and propose we have a detector 1 AU away from the PSR
B1913+16 binary pulsar system. At this distant the GW
amplitude is f0 = 10
−14, and the detection of the GW
may be possible with N ≈ 10 m−3 after one year.
The analogue of the Poynting flux or intensity for the
gravitational plane wave is I = c3ω2f20 /8πG [4, 5, 23].
For a GW amplitude of f0 = 10
−14 at frequency ω =
2.4×10−4 s−1, the density of gravitons would be I/c~ω ≈
1028 m−3. At this density, although we have detected a
classical GW, we cannot claim to have detected individ-
ual gravitons.
In the classical picture, if the intensity of a classical
wave is reduced such that its energy over a local vol-
ume is less than the energy that separates two states,
the transition from the lower energy state to the higher
one cannot occur. In the quantum picture, the energy of
a particle is proportional to its frequency, independent of
intensity. Therefore even if the intensity is reduced such
that classically a state transition should not occur, the
quantum picture can still allow a transition. This is the
basis of the photoelectric effect. If we reduce the inten-
sity of the GW source so its energy over the volume of
the detector is less than the transition energy, a classical
picture would suggest that there is not enough energy to
affect a transition. If a transition were detected it would
be difficult to reconcile this with a classical picture of the
GW, suggesting a quantum mechanical nature. For the
GW energy in a detector of volume V to be less than the
transition energy at resonance (IV/c < ~ω), the ampli-
tude of the GW needs to satisfy
f0 <
√
8πG~
ωV c2
. (23)
Eq. (23) is a general condition for the detection of a single
graviton, independent of the source of the GW and the
details of the detector.
For our V = 1 m3 detector, Eq. (23) requires that
f0 < 10
−28. At this amplitude, N < 10−26 m−3 after
one year. Therefore SGR cannot be used to detect single
low frequency gravitons. In fact at resonance, (from N =
ρP+) f0 = 2 arcsin(
√
N/ρ)/θωt, and Eq. (23) implies
that,
ω >
c2V arcsin2
√
N/ρ
2πG~θ2t2
. (24)
If we want to detect at least a single graviton (N =
1 m−3) after one year with our SGR detector, then ω >
1023 s−1. In other words we would need a high frequency
GW source. However as discussed in Ref. [3–5], known
high frequency gravitational sources are not practical for
single graviton detection.
V. CONCLUSION
Dyson conjectured that single gravitons cannot be de-
tected in practice. Subsequent investigations into the ion-
isation and state transition of the hydrogen atom without
spin supported the conjecture. We investigated the inter-
action of GWs with the spin degree of freedom of spin-1/2
particles in an external magnetic field and developed the
theoretical framework for SGR. In doing so, although we
find no fundamental laws preventing individual graviton
detection, we showed that SGR cannot be used to de-
tect single gravitons in practice, and therefore Dyson’s
conjecture is not violated, even when one accounts for
spin.
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